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A SHORT TREATISE ON EQUIVARIANT T-SPACES 


REKHA SANTHANAM 


Abstract. Equivariant T-spaces model equivariant infinite loop spaces. 
In this article, we show that there exists a connective Quillen equiva¬ 
lence between the category of equivariant T-spaces and the category of 
orthogonal spectra. 


1. Introduction 

We begin this article by defining a level and stable model structures on 
the category of equivariant T-spaces. This is called the projective level and 
stable model structure in [5]. Ostermayr[5|, shows that there is a connective 
Quillen equivalence with the category of equivariant symmetric spectra with 
stable model structure. The setup is in the category of simplicial sets. In 
this article, we show that there is a connective Quillen equivalence between 
the category of equivariant T-spaces with projective stable model structure 
and the category of equivariant orthogonal spectra with stable structure. By 
spaces, we mean the category of compactly generated Hausdorff topological 
spaces. We conclude with remarks on what is known so far about T-G- 
categories. 

Throughout this article we will assume that G is a finite group. 

2. Equivariant T-spaces 

Let G^X denote the category of based G-topological spaces with continu¬ 
ous G-maps. Let ^ denote the G-enriched category of G-topological spaces 
with the set of morphisms given by all maps and G-conjugation action. Let 
T be the category of finite pointed sets, Gr denote the category of finite 
pointed G-sets and the G-enriched category of finite pointed G-sets with 
the set of morphisms being all set maps with G-conjugation action. Let GW 
denote the category of G-CW complexes with continuous G-maps. 

Define an equivariant T-space X to be a covariant functor from the cat¬ 
egory of X : r — > G^X such that A(0) is a point. Shimakawa [9] originally 
defines an equivariant T-space as a G-functor from Tc —>• &q. As observed 
in m these two categories are equivalent. 

Let E denote the prolongation functor from T[G^X] —> Gr[G^]. A special 
equivariant T-space is an equivariant T-space such that for every G-set S, 
the map 

E X(S) -> G^(5, EA(1)) 


is a G-equivalence. 
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Note that if X is special then tto(X( 1) h ) is a monoid via the map X(1) H x 

X(1) H X(2) h X(1) h where, A : 2 —> 1 is defined by A({1,2}) = 

{1}. A special equivariant T-space is said to be very-special if A'(l)^ is 
group-like for all H < G. 

A map of G-spaces X —> Y is said to be G-weak equivalence (G-hbration) 
if for every H < G the map X H —> Y H is a weak equivalence (Serre fibra- 
tion). 

Theorem 2.1. The category GT[G^L] is a cofibrantly generated model cat¬ 
egory with level model structure where, 

• weak equivalences are levelwise G-weak equivalences. 

• fibrations are levelwise G-fibrations and, 

• cofibrations are q-cofibrations, that is, the morphisms with right lift¬ 
ing property with respect to all acyclic fibrations. 

The generating acylic cofibrations are given by J = {Gr^ A G/H xH"-} 
Gr s A G/H x D n xI\n£N,H< G} and the generating cofibrations are 
given by I = {Gr s A G/H x —>• GT S A G/H x D n \ n € N, H < G}. 

Proof. Follows from [6][Thm 5.3] □ 

Let X : Gr —>• GET be a functor. Let EX denote the prolongation 
of X to GW. Let ^ be a G-universe. Then (EX(S l ))ve^ defines an 
equivariant spectrum. A morphism X —> Y in Gr[G^] is said to be a 
stable G-equivalence if EX(S v ) —> Ey(5' 1 ) is a 7r^-isomorphism for all 
H < G. 

Theorem 2.2. Localizing with respect to all stable equivalences gives a cofi¬ 
brantly generated stable model structure on Gr[G^] where, 

• weak equivalences are stable equivalences. 

• cofibrations are q-cofibrations and, 

• fibrations are q-fibrations, that is, morphisms with right lifting prop¬ 
erty with respect to all acyclic q-cofibrations 

Theorem 2.3. Let Gr[G^] have the stable model structure. Then the cat¬ 
egory r[G^] forms a cofibrantly generated model category with the following 
model structure; 

• a morphism X —>• Y in r[G^] is a weak equivalence if the morphism 
EX —>• EY is a weak equivalence in Gr[G^], 

• a morphism X —» Y in T[GtX] is a fibration if the morphism EX —> 
EY is a fibration in Gr[G^] and, 

• a morphism X —>• Y in r[G^] is a cofibration if it has left lifting 
property with respect to all acyclic fibrations. 

The fibrant objects will be very-special equivariant T-spaces. 

Proof. Let U denote the forgetful functor adjoint to E. The collection of 
maps UI and U J satisfy the cofibration hypothesis for sY = ^ = r[G^]. 
The proof follows from Theorem IA.21 □ 
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Alternately we could describe the stable model structure on the category 
of equivariant T-spaces by localizing the projective level model structure on 
it with respect to stable equivalences 03 [l emrna A.4] as described in [5]. 

3. Equivariant Orthogonal spectra 

Definition 3.1. [7] An G-orthogonal spectrum is a sequence of pointed 
G-spaces X n with base point preserving 0{n ) action and based G-maps 
a n : X n AS 1 -} X n+ i such that the iterated map X n A S m —> X m+n is 
0(n ) x 0(m) equivariant. A morphism of G orthogonal spectra X and 
Y are G-map from X n —>• Y n which are compatible with the structure of 
an equivariant orthogonal spectrum. Denote the category of equivariant 
orthogonal spectra by J’GAX. 

Note this is not the original definition of equivariant orthogonal spectra. 
Let J'g denote the G topological category of real finite dimensional G-inner 
product spaces with the morphisms having a G-conjugation action. Let g 
denote the category of G-spaces with all morphisms and a G-conjugation on 
the morphism spaces. 

Definition 3.2. |3j A G-orthogonal spectrum is a G enriched functor from 
X : J?g -A- b with G-equivariant maps S v AX(W) -A X(V®W) respecting 
the functoriality of X. Morphisms are natural transformations respecting 
the suspension maps. Denote this category J^g^ ■ 

As in the case of equivariant T-spaces the two definitions are equivalent. 
There is a forgetful functor from U : J'g^ d?GSA and a prolongation 
functor E : J?G5A -A J'g^ adjoint to each other. Refer to Schwede [7] for 
the proof of the equivalence of these categories 

Define GJ? LX to be the category of orthogonal spectra where the mor¬ 
phisms are given by levelwise G-maps, that is, GJPSAfiX, Y) = ■Xq. c /' (X. Y) G . 
This may confusing as we may also consider spectra in GJ?\GET\ and de¬ 
note it by GJ?AX analogous to the T-space case. We could have alternately 
proved that the category of spectra in GJ‘\GL7\ is a model category with 
appropriate structure. We can show that the inherited model structure on 
J'GAX would be the same. 

We will denote the prolongation functor from J’GAX to GJ?AX also by E. 

Theorem 3.3. [H Thm Ilf.2.4] The category GJ?5A is a compactly gen¬ 
erated proper G-topological category with respect to level equivalences, level 
fibrations and q-cofibrations. 

Theorem 3.4. [3j Thm III. 4.2] The category GJ’ AX is a compactly gener¬ 
ated proper G-topological model category with respect to n^-isomorphisms, 
q-fibrations and q-cofibrations. The fibrant objects are the D-G -spectra. 

Theorem 3.5. Let f : X —> Y be a morphism in JPGS?. Define 

• f to be a weak equivalence (fibration) if EX -a EY is a weak equiv¬ 
alence is a 7r*- isomorphism (q-fibration) 
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• and, f to be a cofibration if it has the left lifting property with respect 
to acyclic cofibrations. 

The category JTGSP is a cofibrantly generated model category with weak 
equivalences, fibrations and cofibrations defined as above. Fibrant objects 
are kl-G-spectra. 

Proof. Let / and J denote the generating cofibrations and acyclic cofibra¬ 
tions in GJ'SP. It is easy to verify that that UI and U J satisfy the cofibra¬ 
tion hypothesis and rest of the proof follows from Theorem IA.21 □ 

4. Comparison with equivariant orthogonal spectra 

Given any X : T —> GFT consider its prolongation to EX to W. Then 
EX(,S n ) defines a spectrum. This is because given any functor X : W —> 
GFT we have a map S 1 -A G^(S n , S n+1 ) -A G^(X(S n ), X(S n+1 )). Since X 
is a functor there is a homomorphism from 0(n) -A Aut(5 n ) -A Aut(EX( S n )) 
This defines an 0(n)-action compatible with the spectrum EX. 

Define the functor B : T[Gt?\ -A- JYG5? as BX n = EX(S n ). 

Denote the sphere spectrum by S. Given any equivariant orthogonal 
spectrum X we can define an equivariant T-space sYX as follows. Define 
sYL( n) = y JY(S_ n , L). to be the G-enriched morphism space of equivariant 
orthogonal spectra between S_ n and X. 

Note that S_ G = ES and the enriched morphism spaces (E5, EL) = 

are equivalent for any equivariant orthogonal spectrum L. 

If X —> Y is a level equivalence in JPGJY then E Xy —> E Yy is a weak 
equivalence for all H < G and V £ GJ*. Then it is sufficient to verify that 

HJ?y(Sl,FX) -A- 

is a weak equivalence for all H < G and G-sets T. This is true because given 
a finite G-CW complex A and a weak equivalence of B —> C of G-spaces, 
the map B) —> =^g(A, G) is a weak equivalence of G-spaces. 

Let Xy -A- Yy be level fibrations for all H < G and V £ GT. We need 
to show that the dotted arrow exists in the following diagram 

(g/k x D n ) H -- Hyy(s£, X) 

(G/K x D n x I) H -- HJ?^(S//,Y). 

By assumption every L < H dotted arrow exists in the following diagram 
of spaces. 

(1) (G/K x B n ) H x S T GV ) L - X/j 

((G/K x D n x I) H x S l v ) L 


Y l 
r v ■ 
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Therefore the dotted arrow will exist in the following diagram by Elmen- 
dorf’s theorem. 


(G/K x B n ) H -- H3T(Sl v , L v ) 


(G/K x D n x I) H -*- H£?(S^ V , K v ). 

More generally if in diagram |T] the maps are maps of spectra then the 
dotted arrow will also be a map of spectra. Hence we will get the required 
lift. 

Therefore, the functor B takes q-cofibrations to q-cofibrations. Further B 
takes stable equivalences to stable equivalences by construction. This then 
implies that stf maps q-fibrations to q-fibrations. 

Theorem 4.1. There exist adjoint pair of functors 

T[G&] ^=± JPG^ 

This is a Quillen pair with the stable model structures on the two categories 
and is a ”connective” Quillen equivalence. 

Proof. From our previous discussion it is clear that (&/, B) are a Quillen 
pair. 

To prove the theorem by [2] [Cor. 1.3.16] it is sufficient to show that 
B reflects weak equivalences between cofibrant objects and that the map 
BQsYY -A Y is a connective weak equivalence for all fibrant objects Y. 

If BX -A BY is a stable weak equivalence of equivariant orthogonal spec¬ 
tra then by construction X -A Y is a stable equivalence. 

Note for any equivariant orthogonal spectrum Y, 

E s*Y(T) = J? G ^(Sl,EY) ^ $g(T,J? g ^(S g ,EY)). 

Any fibrant equivariant orthogonal spectrum Y is an equivariant O-spectrum 
and hence sfY is a very-special equivariant T-space. If &/X -A sYY is a 
stable equivalence for fibrant equivariant orthogonal spectra X and Y then 
this implies that g/X(l) -A &/Y(l) is weakly equivalent, which implies 
X -A Y is a stable equivalence. Hence sY reflects weak equivalences on 
fibrant objects. 

Let Y be a fibrant equivariant orthogonal spectrum and taking a cofibrant- 
fibrant replacement in T\GT?} we get a cofibrant very-special equivariant 
T-space CsYY stably equivalent to siY. Note that CsYY -a sdY is a stable 
equivalence implies that E BCsYY —» E BsYY is a stable equivalence. But 
sYY is a very special equivariant space and hence BsYY is an 0-spectrum. 
Note that B^/Yq = sdY(Y) = -X G {S_. Y). Since Y is an O-spectrum and 
B.e/Yo —>■ Yq is a G-weak equivalence, BsYY -A Y is a stable equivalence. 
Hence BCsYY — > Y is a weak equivalence. Thus we have a connective 
Quillen equivalence. 
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□ 


4.1. Some remarks on G-symmetric monoidal categories. 

Definition 4.2. Define a symmetric monoidal G-category to be a category 
^ with a G-action and a symmetric monoidal structure Cg> which commutes 
with the G-action. 

Examples 4.3. (1) The category &q of finite G-sets with all set mor- 

phisrns with a trivial action on objects and a conjugation G-action 
on the morphisms with disjoint union giving the symmetric monoidal 
structure. 

(2) Let 'Vq (#g) be the category with G-trivial discrete object space 
of all real (complex) G-representations and morphism G-space of all 
vector space morphisms and a conjugation G-action on the set of 
morphisms. The G-synnnetric monoidal structure is given by direct 
sum. 

(3) Let R be a commutative ring . Let 2%g denote the category of all 
R[G] -modules where the object space is discrete and has a trivial G- 
action and the morphism space is the space of a all iGmodule horno- 
morphisms with a G-conjugation action. The symmetric monoidal 
structure is given by direct sum. 

Segal (8j gave a functor from the category of small symmetric monoidal 
categories to T-spaces. The equivariant analogue was worked out by Shi- 
rnakawa [9|. 

Let GCat denote the category symmetric monoidal G-catgeories. The hat 
construction starts with a symmetric monoidal G-category and constructs 
a T-G-category. Then the functor : T —> GCat defined as ^f(n) = \^{n)\ 
in [9] defines a equivariant T-space after applying the geometric realisation 
functor. In particular, if the symmetry morphism in was identity then 
this will be a special T-G-space. 

In general, however this is not the case and one way to obtain special 
T-G-spaces is to replace such a G-category by a G-equivalent G-category. 
Shimakawa’s main idea is to apply the hat construction to Horn ( EG , c €) 
where *€ is a symmetric monoidal G-category and EG denotes the category 
with object set G and a unique morphism EG (a i, a?) given by <? 2 (< 7 i) ■ 

The objects of the G-category Home (EG_, c &) are G-tuples of isomorphic 
objects in the category *0? . The G-action is via the G-action on EG herefore, 
the action on the objects is via permutation of the G-tuples. The monoidal 
structure is induced by the monoidal structure on ^. 

Let ^ be a symmetric monoidal category with a trivial G-action. Then 
the symmetric monoidal structure of S induces a G-symmetric monoidal 
structure on Sg, the category of G-objects in S with a conjugation action on 
the morphisms. There is an adjoint pair between the category Homf LG . S) 
and Sg which is a lax G-symmetric monoidal functor. It is easy to verify that 
IIomi LG . S) is a special T- G-category. Therefore, there is a equivariant 
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stable equivalence between the two respective equivariant T-spaces obtained 
on applying the hat construction. This gives an appropriate special T-G- 
category construction in examples mentioned earlier. 

Guillou and May pjj also note that naive permuative G-categories will 
not give rise to equivariant Eoo-spaces. They define genuine permutative G- 
categories and show that any such category will give rise to an equivariant 
Eoo-space. This notion is equivalent to the idea of special T-G-categories. 
A proof can be written down generalising [6] for G-categories. This will be 
dealt with elsewhere. 


Appendix A. 

Cofibration Hypothesis [H 5.3] : Let j^bea topological complete and 
cocomplete category with a continuous forgetful faithful functor to another 
topologically complete and cocomplete category c rf. Let tensors in be 
denoted by A A A and homotopies in particular defined using A A I + . Let I 
be a set of maps in g/. The set I is said to satisfy the cofibration hypothesis 
if the following is true. 

(1) Let i : A —> B be a coproduct of maps in I and j be obtained by a 
cobase change from i then j is a h-cohbration. 

(2) Let A be an object in g/ which is a colimit of a sequence of maps 
in g/, which are all h-cofibrations when considered as maps in 
Then A considered as an object of ^ is a colimit of the corresponding 
maps in . 

Lemma A.l. [U 5.8] Let I be a set of maps in g/ such that each map in I 
has a compact domain and I satisfies the cofibration hypothesis. Then maps 
f : X —>• Y in g/ factor functorially as composites 

X^X'^Y 

such that p satisfies the RLP with respect to any map in I and i satisfies 
the LLP with respect to any map that satisfies the RLP with respect to each 
map in I. Moreover, i : X —> X' is a relative L-cell complex. 

Note a map i : X —> X' is a relative /-cell complex if A = Yq and i 
obtained by a colimit of a sequences of maps Y n —> Y n+ \ where each of them 
is a obtained from a cobase change from a coproduct of maps in I. 

Theorem A.2. Let g4 and 33 be topological complete and cocomplete cate- 
F _ t ^ 

gories and sY t S$ be an adjoint pair. Let 3$ be a cofibrantly generated 
E 

model category with I and J as the generating cofibrations and trivial cofi- 
brations. Let FI and F J satisfy the cofibration hypothesis. 

Then sY is a cofibrantly generated model category where X —>• Y is a weak 
equivalence or fibration if EX —> EY is a weak equivalence of fibration in 
3$ respectively and the cofibrations are all morphisms which have LLP with 
respect to all acyclic fibrations in srf. 
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Proof. The category is complete and cocomplete. The model category 
axioms namely two out of three, the property of retracts and one of the lifting 
properties will follow from definition of the model structure and adjointness 
of E and F. 

The factorization theorem will follow from the small object argument. We 
need to prove that all acyclic cofibrations in stf have a left lifting property 
with respect to all hbrations. 

It is then sufficient to show that every cofibration is a relative TT-cell 
complex. Let A B be a trivial cofibration. Then by the small object 
argument it can be written as A A! B where A —> A' is a relative 
F J-complex and A' —>• B is a fibration. By our definition, A —>• B will have 
LLP with respect to A' —>• B and therefore there exists a map B —>• A' which 
when composed with the map A! —>• B gives identity. 

Then A —>• B is a retract of the map A —» A' and hence has a LLP with 
respect to all hbrations in srf. 

□ 
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